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FINSLER METRICS ON SURFACES ADMITTING THREE
PROJECTIVE VECTOR FIELDS
JULIUS LANG
Abstract. We show that in dimension 2 every Finsler metric with
at least 3-dimensional Lie algebra of projective vector fields is locally
projectively equivalent to a Randers metric. We give a short list of such
Finsler metrics which is complete up to coordinate change and projective
equivalence.
1. Introduction
Two Finsler metrics on a surface M2 are called projectively equivalent, if
their geodesics coincide as oriented point sets. A vector field on M is called
projective for a Finsler metric F , if its flow preserves the projective class of
F , i.e. it takes geodesics to geodesics as point sets. The projective vector
fields form a finite-dimensional Lie algebra p(F ) and it follows from classical
results that on a 2-dimensional manifold, if dim p(F ) > 3, then dim p(F ) = 8
and F is projectively flat, see [9, 17, 18].
In 1882 Sophus Lie [8] stated the following problem:
Problem. Describe metrics on surfaces with dim p ≥ 2.
The original problem intended for pseudo-Riemannian metrics was solved
in [5], where local normal forms for metrics with dim p ≥ 2 were given. It is
interesting to study the generalization of this problem for Finsler metrics,
where many additional examples appear.
Finsler metrics with dim p = 8 are exactly the projectively flat metrics,
i.e. for which one can find local coordinates in which all geodesics have
straight trajectories. The investigation of such metrics was stimulated by
being the 4th of the Hilbert problems and there are numerous results present
in the literature, e.g. [1, 2, 11, 14, 15] - see [6] or [13, Chapter 6.2] for an
overview.
The main result is the theorem below and gives an answer to the problem
in the submaximal case dim p = 3.
Theorem 1. Every Finsler metric on a surface admitting at least three inde-
pendent projective vector fields is projectively equivalent near any transitive
point to one of the following:
• a Randers metric F = α + β, where α is of constant sectional cur-
vature and p(F ) is the Killing algebra of α.
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• a Riemannian metric.
In some local coordinates F is projectively equivalent to the Euclidean metric
or to one of the following:
(a)
√
dx2 + dy2 + 12(ydx− xdy) (b±k )
√
dx2+dy2−k2 (ydx−xdy)
1±(x2+y2) , k > 0
(c+)
√
e3x
(2ex−1)2 dx
2 + e
x
2ex−1dy
2 (c−)
√
e3xdx2 + exdy2
Each of this metrics is strictly convex on a neighborhood of the origin and
none of them is locally isometric to any Finsler metric projectively equivalent
to one of the others.
Setup. Throughout the paper we work locally on a 2-dimensional mani-
foldM around a point o ∈M . All objects are assumed to be C∞-smooth and
defined locally on M , i.e. on a coordinate neighborhood U with coordinates
(x, y), but defined fiber-globally over U , i.e. on the whole of TU = U ×R2.
The natural fiber coordinates on T(x,y)U will be denoted by (u, v). We work
around a point where the projective vector fields are transitive, i.e. they
span the whole tangent plane at this point.
Structure of the proof. A convenient way to formalize the system
of geodesics of a Finsler metric is as a vector field on TM , called a spray
(for exact definitions, see below), so that the geodesics are the projection
of its integral curves to M . The portion of curves of a spray for which
x˙ > 0 and the portion with x˙ < 0 may be described by a second order ODE
y¨(x) = f±(x, y(x), y˙(x)) each and coincide for projectively equivalent sprays.
These induced ODEs are the main tool for our classification of sprays with
projective symmetries, due to the fact that every projective vector field
preserves the induces ODEs. They were studied for affine connections at
least since the time of Beltrami and are sometimes referred to as projective
connection.
In section 2 we deduce a list of normal forms of such ODEs preserved
by three independent vector fields. The techniques to obtain this list were
already described more than 100 years ago by Sophus Lie [9].
Lemma 1. Let y¨ = f(x, y(x), y˙(x)) be a second order ODE and X1,X2,X3
three linearly indepent vector fields on the plane, whose flow preserves the
ODE. Then in some local coordinates around 0, the equation takes the form
y¨ = 0 or one of the following:
D1 y¨ = C(y2 − 2y˙)3/2 − y3 + 3yy˙
D2 y¨ = Cy˙
λ−2
λ−1
J1 y¨ = Cy˙3e−1/y˙
J2 y¨ = 12 y˙ +Ce
−2xy˙3
C1 y¨ = C(y˙2 + 1)3/2e−λ arctan(y˙)
C2 y¨ = C(y˙
2+1)3/2±2(xy˙−y)(y˙2+1)
1±(x2+y2)
Not all of these ODEs can describe the portion of curves with x˙ > 0 of
a fiber-globally defined spray. By sorting out those, we obtain normal forms
for sprays with three independent projective vector fields up to projective
equivalence.
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Lemma 2. Let Γ be a spray on the plane with dim p ≥ 3. Then there are
local coordinates in which Γ is projectively flat or projectively equivalent to
one of:
(a) u∂x + v∂y −
√
u2 + v2(v∂u − u∂v)
(b±k ) u∂x + v∂y − k
√
u2+v2±2(yu−xv)
1±(x2+y2) (v∂u − u∂v) k > 0
(c±) u∂x + v∂y − 12(3u2 ± e−2xv2)∂u − uv∂v
None of these sprays can be transformed into one projectively equivalent to
one of the others by a local coordinate change.
The sprays (a) and (b±k ) are very geometric: The curves of the spray (a)
are positively oriented circles of radius 1 in the Euclidean plane. Similarly,
the curves of (b+k ) and (b
−
k ) are the positvely oriented curves of constant
geodesic curvature k on the two-sphere S2 in stereographic coordinates and
in the Poincare disk model of the hyperbolic plane.
We remark that the sprays (c±) are geodesically reversible, meaning that
the unique geodesics tangent to the vectors v and −v have the same trajec-
tories on M . The sprays (a) and (b±k ) are geodesically irreversible.
In section 3 we explain how one can calculate the induced ODE of the
geodesic spray of a Finsler metric directly. This allows to check quickly
that the geodesic sprays of the metrics from Theorem 1 are projectively
equivalent to the sprays from Lemma 2. This finishes the proof of Theorem
1.
Additionally we explain how to construct the metrics from Theorem 1.
For the sprays (c±) we give Riemannian metrics; for the sprays (a) and (b±k )
we construct so called Randers metrics by adding an appropriate 1-form to
the Riemannian metrics α of constant sectional curvature.
Rigidity. Theorem 1 rises the question how rigid the found Finsler met-
rics are - in other words, are there Finsler metrics projectively equivalent to
the ones we constructed?
There is always a trivial freedom of scaling and adding a closed 1-form:
Suppose two Finsler metrics F, F˜ are related by F˜ = cF + β for some c > 0
and a 1-form β with dβ = 0, then they are projectively equivalent. For
geodesically reversible Finsler metrics it is not hard to see that there are
many non-trivially projectively equivalent Finsler metrics: at least for every
function on the space of unoriented geodesics one can construct a non-trivial
Finsler metric projectively equivalent to the original one, see [3, 4].
For Finsler metrics with irreversible geodesics the situation is quite dif-
ferent: already for the Finsler metric (a) it is not easy to find a non-trivially
projectively equivalent Finsler metric. In [10] it was proven that two Randers
metrics are projectively equivalent if and only if they are trivially related.
However it was noted by S. Tabachnikov [16] that every smooth measure on
the plane (seen as the space of geodesics) such that every ball of radius 1
has measure 1, gives rise to a non-trivial Finsler metric projectively equiv-
alent to (a). The question weither such non-constant measures exist is the
so called Pompeiu problem and has a positive answer, hence giving rise to
new Finsler metrics projectively equivalent to (a).
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2. Sprays with 3-dimensional projective algebra up to
projective equivalence
In this section we describe sprays with at least 3-dimensional projective
algebra up to coordinate change and projective equivalence by prooving
Lemma 2. The result is a direct consequence of Lemma 1 - the classification
of second order ODEs admitting three independent infinitesimal point sym-
metries. To obtain this, we first describe all 3-dimensional Lie algebras of
vector fields in the plane up to coordinate change around a transitive point
and determine for each, which ODEs admit the prescribed vector fields as
infinitesimal point symmetries.
2.1. 3-dimensional Lie algebras of vector fields in the plane. Let g, g˜
be 3-dimensional Lie algebras of vector fields on the plane and g0 = {X ∈
g | X|0 = 0} be the isotropy subalgebra at the origin. We assume that both
g, g˜ are transitive at the origin, i.e. dim g0 = dim g˜0 = 1 and that no X 6= 0
vanishes on an entire open neighborhood.
Lemma 3. (1) There is a local coordinate transformation ϕ taking each
vector field from g to one from g˜ and fixing the origin, if and only if
there is an isomorphism of Lie algebras ψ : g→ g˜ which takes g0 to
g˜0.
(2) g0 is not an ideal, i.e. there is a X ∈ g with [X, g0] 6⊆ g0.
Proof. If ϕ : R2 → R2 is a diffeomorphism with ϕ(0) = 0 that takes the
vector fields from g to vector fields from g˜, then ψ : g → g˜,X 7→ ϕ∗X is an
isomorphism of Lie algebras, and (ϕ∗X)|0 = 0 if and only if X|0 = 0. Hence
ψ(g0) = g˜0.
For the other direction, let X0 ∈ g0 and X1,X2 ∈ g form a basis of g and
set X˜i = ψ(Xi) for i = 1, 2, 3. Let ρ : R
2 → R2 be the local diffeomorphism
defined by (s, t) 7→ ΦsX1 ◦ ΦtX2(0) and ρ˜ accordingly, where ΦX denotes the
flow along X. We show that for i = 1, 2, 3 the vector fields Yi := ρ
∗(Xi)
and Y˜i := ρ˜
∗(X˜i) coincide, so that φ := ρ˜ ◦ ρ−1 is the sought coordinate
transformation.
It is obvious that Y1 = ∂s, Y2|(0,t) = ∂t and Y0|(0,0) = 0. Let Ckij be the
structure constants of the basis X0,X1,X2, so that [Yi, Yj ] = C
k
ijYk. For
points (0, t) consider the equations [Y0, Y2] = C
k
02Yk. The only unknowns in
the right side are the components of Y0. In the left side, we can replace all
derivatives by s in terms of components of the Yi’s using the commutation
relations with Y1 = ∂s. Since Y2|(0,t) = ∂t, in each equation exactly one
derivative by t survives with coefficient 1. Hence we have a system of two
ODEs on the components of Y0 in points (0, t) with starting value Y0|(0,0) =
0, so that the vectors Y0|(0,t) are uniquely defined by the structure constants.
Now for fixed t0 the four equations [Y0, ∂s] = C
k
01Yk, [∂s, Y2] = C
k
12Yk in
points (s, t0) again form a system of ODEs with already determined starting
values, so that Y0, Y1, Y2 are determined on a neighborhood of the origin only
by the structure constants. But the same holds for Y˜0, Y˜1, Y˜2, since they have
the same structure constants, so we have Y˜i = Yi.
For the second statement, suppose that X0 commutes with X1,X2. Then
the first system of ODEs [Y0, Y2] = 0 in points (0, t) has the obvious solution
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Y0|(0,t) ≡ 0 and by [Y0, Y1] = 0 we would have Y ≡ 0 on a neighborhood of
the origin. 
Lemma 3 explains how we can obtain a complete list of 3-dimensional Lie
algebras of vector fields around a transitive point up to coordinate transfor-
mation: For every pair (g, h) of an abstract 3-dimensional Lie algebra and
1-dimensional subalgebra, which is not an ideal, we should find one repre-
sentative Lie algebra of vector fields isomorphic to g such that the isotropy
subalgebra corresponds to h.
Let (g, h) be fixed and X0 ∈ h\{0}. We might choose X1,X2 such that
the map adX0 : g → g,X 7→ [X0,X] is given in the basis X0,X1,X2 by a
matrix
adX0 =
[
0 ∗
0 A
]
,
where A 6= 0 is a (2 × 2) Jordan block, and by scaling X0 we might scale
this matrix by any nonzero constant.
For the diagonal case A =
[
1 0
0 λ
]
we can restrict to |λ| ≥ 1. For the
Jordan case A =
[
λ 1
0 λ
]
we only need to consider λ = 0 and λ = 1. For the
complex case A =
[
λ 1
−1 λ
]
we can restrict to λ ≥ 0.
Let [X0,X1] =
∑2
i=0 αiXi,[X0,X2] =
∑2
i=0 βiXi and [X1,X2] =
∑2
i=0 γiXi.
The Jacobi identity [X0, [X1,X2]]+[X1, [X2,X0]]+[X2, [X0,X1]] = 0 is given
by
α0γ1 + β0γ2 − β2γ0 − α1γ0 = 0
β1γ2 + α1β0 − β2γ1 − α0β1 = 0
α2γ1 + α2β0 − α0β2 − α1γ2 = 0
.
In the diagonal case, the Lie bracket table is of the form[
α0X0 +X1 β0X0 + λX2
γ0X0 + γ1X1 + γ2X2
]
By adding a multiple of X0 to X1, we can assume α0 = 0. By the Jacobi
identity we get (1 + λ)γ0 = 0, β0 = λγ1 and γ2 = 0. If λ 6= 0, we might add
a multiple of X0 to X2 to assume β0 = 0, so that we can assume this in any
case. If γ0 6= 0, we have λ = −1 and γ1 = 0 and by scaling X1 we can obtain
γ0 = 1. If γ0 = 0 either γ1 = 0 holds already (if λ 6= 0), or replacing X2
by X2 + γ1X0 achieves this without changing the other relations (if λ = 0).
Hence there are only two tables that we need to consider:[
X1 −X2
X0
] [
X1 λX2
0
]
Each describes an equivalence class of a pair (g, h). To find corresponding
Lie algebras of vector fields one could choose X1 arbitary and then solve
ODEs follow the proof of Lemma 3. However we will just present a solution
for every pair having the correct Lie bracket table.
D1 −x∂x + y∂y ∂x −12x2∂x + (xy + 1)∂y
D2 −x∂x − λy∂y ∂x ∂y
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In the Jordan case, the Lie bracket table is of the form[
α0X0 + λX1 β0X0 +X1 + λX2
γ0X0 + γ1X1 + γ2X2
]
If λ = 1, again by adding multiples of X0 to X1 and X2, we can assume
α0 = β0 = 0. From the Jacobi identity we get γ0 = γ1 = γ2 = 0. If
λ = 0, we can assume β0 = 0 and get from the Jacobi identity α0 = γ2 and
γ1γ2 = 0. In the case that γ2 6= 0, we have γ1 = 0 and can assume γ2 = 1
by scaling X1 and X2 by
1
γ2
. Then by replacing X2 by X2 +
γ0
2 X0, we can
also assume γ0 = 0. The case that γ2 = 0, also α0 = 0 and we could assume
γ0, γ1 ∈ {0, 1}, but we can give a Lie algebra of vector fields with parameters
that covers all cases. Hence we deal with three cases:[
X1 X1 +X2
0
] [
X0 X1
X2
] [
0 X1
γ0X0 + γ1X1
]
J1 −(x+ y)∂x − y∂y ∂x ∂y
J2 −y∂x − 12y2∂y −∂x − y∂y −∂y (c±)
J3 y∂x ∂x (γ0y + γ1)x∂x + (γ0y
2 + γ1y − 1)∂y
In the complex case the Lie bracket table is of the form[
α0X0 + λX1 −X2 β0X0 +X1 + λX2
γ0X0 + γ1X1 + γ2X2
]
By replacing X1 by X1 + rX0 and X2 by X2 + sX0, the conditions that the
new coefficients of X0 in the first row become vanish the linear equations
λr + s = α0 and r + λs, which admit a solution. Hence we can assume
α0 = β0 = 0. The Jacobi identity gives λγ0 = 0 and γ1 = γ2 = 0. If γ0 = 0,
we are left with λ ≥ 0 as a parameter. Otherwise λ = 0 and by scaling
X1,X2 by
1√
γ0
we can achieve γ0 = ±1. Hence we have two cases:[
λX1 −X2 X1 + λX2
0
] [−X2 X1
±X0
]
C1 −(λx− y)∂x − (x+ λy)∂y ∂x −∂y (a)
C2 y∂x − x∂y 12(x2 − y2 ± 1)∂x + xy∂y xy∂x + 12(−x2 + y2 ± 1) (b±k )
We have shown that every 3-dimensional Lie algebra of vector fields in
the plane around a transitive point there are coordinates in which it is given
by one of the seven types above.
2.2. Second order ODEs with three independent infinitesimal point
symmetries and proof of Lemma 1. A vector field X on R2 is called
infinitesimal point symmetry of an ODE y¨(x) = f(x, y(x), y˙(x)), if its local
flow preserves the equation, or equivalently, it takes each trajectory of a so-
lution (x, y(x)) to some trajectory of a solution. It was shown by Sophus Lie
by that the infinitesimal point symmetries form a Lie algebra of dimension
at most 8 [9, Chapter 17 §2,3].
With a second order ODE one has associated a 1-dimensional distribution
〈D〉 on the space JR2 = R2 × R of tangent directions not parallel to ∂y,
induced by the vector field D|(x,y,z) = ∂x+ z∂y+ f(x, y, z)∂z , where (x, y, z)
are the coordinates for the direction span(∂x + z∂y) in the point (x, y).
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A curve c : I → R2 is prolonged naturally to JR2 by cˆ(t) := (c1(t), c2(t), c˙2(t)
c˙1(t)
).
If the prolongation of a curve is tangent to 〈D〉, then the same is true for any
reparametrization. Moreover the lift of a curve c(x) = (x, y(x)) is tangent
to 〈D〉, if and only if y(x) is a solution to y¨ = f(x, y(x), y˙(x)).
If X = a(x, y)∂x+ b(x, y)∂y is a vector field on the plane, its induced flow
on JR2 is generated by the vector field Xˆ |(x,y,z) = a(x, y)∂x + b(x, y)∂y +
c(x, y, z)∂z , where c = bx + zby − z(ax + zay). Here the subscripts denote
partial derivatives and arguments are supressed.
Lemma 4. (1) A vector field X = a(x, y)∂x + b(x, y)∂y is an infini-
tesimal point symmetry of y¨ = f(x, y, y˙), if and only if [Xˆ,D] is
proportional to D in every point (x, y, z). This condition is given by
(1) afx + bfy + cfz = (cz − ax − zay)f + cx + zcy.
(2) For a prescribed 3-dimensional algebra of infinitesimal point symme-
tries transitive at the origin, the function f describing an ODE is
determined uniquely by an initial value.
Proof. The vector field X is an infinitesimal symmetry, if and only if its flow
on JR2 preserves the distribution 〈D〉, i.e. if LXˆD = [Xˆ,D] is a multiple of
D. By direct calculation
[Xˆ,D] = −(ax+zay)∂x−z(ax+zay)∂y+(afx+bfy+cfz−cx−zcy−fcz)∂z
can only be a multiple of D with factor −(ax+zay), which is the case if and
only if
afx + bfy + cfz − cx − zcy − fcz = −(ax + zay)f.
Let Xi = a
i∂x + b
i∂y for i = 0, 1, 2. If the ODE y¨ = f(x, y, y˙) admits
all three as infinitesimal point symmetries, it must solve the corresponding
three equations (1). If the matrix

a0 b0 c0a1 b1 c1
a2 b2 c2

 is regular in some point
(0, 0, z0), this system might be written in normal form in a neighborhood
and has a unique solution. Otherwise the matrix is singular in all points
(0, 0, z), and we must have c0(0, 0, z) ≡ 0, which gives b0x(0, 0) = a0y(0, 0) = 0
and a0x(0, 0) = b
0
y(0, 0). It follows that [X0,X] = a
0
x(0, 0)X for X = X1,X2.
It follows that its Lie algebra structure must be isomorphic to case D2 with
λ = 1 and the ODEs (1) are given as fx = fy = 0 and f = 0. 
We need to cite one important result ([12, Theorem 2, Proposition 1]):
Lemma 5. If the algebra of point symmetries of an ODE y¨ = f(x, y, y˙) is
more than 3-dimensional, then it is 8-dimensional and in some local coordi-
nates the ODE is given as y¨ = 0. This is the case if and only if it is of the
form
y′′ = A+B y′ + C (y′)2 +D (y′)3
with functions A,B,C,D depending just on x, y satisfying
−Ayy + 23Bxy − 13Cxx −DAx − 2ADx + CAy +ACy + 13BCx − 23BBy = 0
2
3Cxy − 13Byy −Dxx +ADy + 2DAy −DBx −BDx − 13CBy + 23CCx = 0
.
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We are now ready to proof Lemma 1: For each 3-dimensional algebra
of vector fields from the last section, we check which ODE admits it as
infinitesimal point symmetries. In each case one has a three equations (1)
that determine f up to a constant by Lemma 4 and the system can be solved
by elementary methods. The solutions are given below, where C 6= 0 is a
constant (for C = 0, all ODEs fulfil the assumptions of Lemma 5):
f(x, y, z)
D1 C(y2 − 2z)3/2 − y3 + 3yz
D2 Cz
λ−2
λ−1
J1 Cz3e−1/z
J2 12z + Ce
−2xz3
C1 C(z2 + 1)3/2e−λ arctan(z)
C2 C(z
2+1)3/2±2(xz−y)(z2+1)
1±(x2+y2)
For J3 the equations for X0 and X1 force the equation to be of the form
h(y)z3 for some function h and by Lemma 5 its algebra of infinitesimal point
symmetries is 8-dimensional. All the others do not fulfil the assumptions
from Lemma 5 and hence their algebra of infinitesimal point symmetries is
exactly 3-dimensional.
2.3. Proof of Lemma 2. A spray Γ on a smooth manifold M is a vector
field Γ ∈ X(TM\0), where TM\0 is the tangent bundle with the origins
removed, which in all local coordinates (xi, ξi) on TM is given as Γ =
ξi∂xi−2Gi(xi, ξi)∂ξi , where the Gi are smooth and positively 2-homogeneous
in ξ. Two sprays on M are projectively equivalent if the projections to M of
their integral curves, called geodesics, coincide as oriented point sets. This
is the case if and only if Γ− Γ˜ = λ(x, ξ)(ξi∂ξi) for some function λ.
A vector field X onM is called projective for a spray Γ if its flow ΦXt maps
geodesics to geodesics as point sets, that is if Γ and (ΦXˆt )∗Γ are projectively
related, where Xˆ is the lift of X to TM . This is the case if and only
if LXˆΓ = λ(x, ξ)(ξi∂ξi) for some function λ and it follows by the Jacobi
identity that the projective vector fields form a Lie algebra p(Γ).
In this section we give a complete list of projective classes of sprays on R2
with dim p = 3 up to local coordinate change. Let (x, y) be coordinates on
R
2 and (x, y, u, v) the induced coordinates on TR2. To each projective class
of sprays, we associate the two second order ODEs, whose solutions y(x) are
the reparametrizations by the parameter x of the geodesics with x˙ > 0 and
x˙ < 0 respectively. This is independent of the choice of a representative Γ.
Let us determine the induced ODEs in terms of the spray coefficients
Gi. Let (x, y(x)) be a curve, s.t. (ϕ(t), y(ϕ(t))) is a geodesic for Γ for a
reparametrization ϕ : R→ R. Then
ϕ′′(t) = −2G1(ϕ(t), y(ϕ(t)), ϕ′(t), y˙(ϕ(t))ϕ′(t))
y¨(ϕ(t))ϕ′(t)2 + y˙(ϕ(t))ϕ′′(t) = d
2(y(ϕ(t)))
dt2
= −2G2(ϕ(t), y(ϕ(t)), ϕ′(t), y˙(ϕ(t))ϕ′(t)) .
By 2-homogenity of Gi we see that the x-reparametrizations of geodesics
with x˙ 6= 0 are given as the solutions to the 2nd order ODEs
(2)
(X+) y¨ = 2G
1(x, y,+1,+y˙)y˙ − 2G2(x, y,+1,+y˙) (x˙ > 0)
(X−) y¨ = 2G1(x, y,−1,−y˙)y˙ − 2G2(x, y,−1,−y˙) (x˙ < 0).
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Note that the induced ODEs (2) determine the spray Γ up to projective
equivalence. Furthermore, the flow of every projective vector field of Γ
preserves this equations and is an infinitesimal point symmetry. If a spray
admits a 3-dimensional algebra of point symmetries, then the induced ODE
must be (up to coordinate change) one from Lemma 1.
Let Γ be a spray with dim p > 3. Then there are local coordinates where
both induced ODEs (2) must be of the form y′′ = 0 and hence Γ is projec-
tively related to the flat spray u∂x + v∂y.
Let Γ be a spray with dim p = 3. Then we might assume that after a
coordinate change p is one of the in section 2.1 obtained Lie algebras of
vector fields and the two induced ODEs (2)
(3)
(X+) y¨ = f+(x, y, y˙)
(X−) y¨ = f−(x, y, y˙)
.
have the corresponding form from Lemma 1 with possibly different constants
C+ and C−.
To understand whether a system (3) is induced by spray, we associate to
a spray two more ODEs for its geodesics parametrized by the parameter y.
(Y+) x¨ = g+(x, y, x˙)
(Y−) x¨ = g−(x, y, x˙)
.
By a similar calculation as for (2), one finds that they are given as
x¨ = 2G2(x, y,+x˙,+1)x˙− 2G1(x, y,+x˙,+1) (y˙ > 0)
x¨ = 2G2(x, y,−x˙,−1)x˙− 2G1(x, y,−x˙,−1) (y˙ < 0).
and hence
g±(x, y, z) =
{−z3f±(x, y, 1z ) if z ≥ 0
−z3f∓(x, y, 1z ) if z ≤ 0
.
The function f±, g± must be defined and smooth at least on U ×R for some
open subset U ⊆ R2 containing the origin. This excludes several possible
ODEs:
For D1, already f±(x, y, z) are not defined for all z.
ForD2 we have f+(x, y, z) = Cz
k. If k ∈ {0, 1, 2, 3} again the assumptions
of Lemma 5 are fulfilled. If k 6= 0, 1, 2, 3, f+ or its z-derivatives have a
singularity at z = 0 unless k is a natural number. But then g+(x, y, z) =
−Cz−k+3 for z ≥ 0 has a necessary singularity at z = 0 and the same holds
for J1.
For J2 we have g+(x, y, z) = −12z2 − C+e−2x for z ≥ 0 and g+(x, y, z) =
−12z2−C−e−2x for z ≤ 0, so that C+ = C−. Furthermore by the coordinate
change (x, y) 7→ (x,
√
2|C|y) we can assume C = ±12 , and this ODEs are
the induced ODEs of the sprays (c±) respectively.
For C1 by evaluating g+ and g− in z = 0 one finds C− = −C+epiλ and
C+ = −C−epiλ, which is only possible if λ = 0. By the coordinate change
(x, y) 7→ (Cx,Cy) we can then assume C+ = −C− = −1 and the ODEs are
exactly the induced ODEs of the spray (a).
For C2 similarly we find C− = −C+ and by (x, y) 7→ (x,−y) we can
assume C > 0. The ODEs are exactly the ones induced by the spray (b±k ).
Two projective classes of sprays from the Lemma can not be transformed
into each other by a coordinate transformation: This is obvious when the
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structure of the projective algebra p with isotropy subalgebra p0 is not iso-
morphic. We only need to distinguish (c+) from (c−) and (b+k ) (and b
−
k
respectively) for different k > 0. One can either do this by direct calcula-
tions or using invariants for the induced ODEs, see [7].
3. Construction of the Finsler metrics
In this section we finish the proof of Theorem 1 by showing that the geo-
desic sprays of the Finsler metrics (a, b±k , c
±) are projectively equivalent to
the sprays from Lemma 2. That each metric is not isometric to any projec-
tively equivalent to one of the others follows from the additional statement
of Lemma 2.
Definition 1.
(1) A strictily convex Finsler metric is a smooth function F : TR2\0→
R with the following properties:
(a) F (x, ξ) > 0 for all (x, ξ) ∈ TR2\0
(b) F (x, λξ) = λF (x, ξ) for all λ > 0.
(c) The matrix gij(x, ξ) = (
1
2
∂2F 2
∂ξiξj
(x, ξ))ij is positive-definite for all
(x, ξ) ∈ TR2\0.
(2) The geodesic spray of F is the vector field ΓF = ξ
i∂xi − 2Gi(x, ξ)∂ξi
on TR2\0 with Gi(x, ξ) = 14gij
(
2
∂gjk
∂xl
− ∂gkl
∂xj
)
ξkξl, where (gij) is the
matrix inverse of (gij).
For a general Lagrangian L : TR2 → R we denote by Ei(L, c) =
∂xiL− ddt(∂ξiL) = 0, i = 1, 2 its Euler-Lagrange equations on curves
c : [a, b]→ R2.
The geodesics of F are the solutions of Ei(
1
2F
2, c) = 0. The integral
curves of the geodesic spray and the geodesics correspond each other
under projection and prolongation.
(3) Two Finsler metrics F, F˜ are called projectively equivalent, if their
geodesics sprays Γ, Γ˜ are projectively equivalent, that is if they have
the same geodesics as oriented point sets.
Lemma 6. The induced ODEs (2) of the geodesic spray of a Finsler metric
F are given by
y¨ =
∂F
∂y
− ∂2F
∂x∂v
−v ∂2F
∂y∂v
∂2F
∂v∂v
∣∣∣∣∣
(x,y,1,y˙)
x˙ > 0
y¨ =
∂F
∂y
− ∂2F
∂x∂v
−v ∂2F
∂y∂v
∂2F
∂v∂v
∣∣∣∣∣
(x,y,−1,−y˙)
x˙ < 0
.
Proof. If c is a geodesic of F , then it is an extremal value of the functional
c 7→ ∫ ba 12F 2(c, c˙)dt and a solution to Ei(12F 2, c) = 0. Then by positive
homogenity of F any orientation preserving reparametrization is an extremal
of the length functional of F and a solution to Ei(F, c) = 0.
Let c˜(t) = (t, y˜(t)) or c˜(t) = (−t, y˜(−t)) be an orientation preserving
reparametrization of c. Then the Euler-Lagrange equation E2(F, c˜) = 0 is
satisfied, i.e. ∂F∂y − ∂F∂v∂x x˙ − ∂F∂v∂y y˙ − ∂F∂v∂u x¨ − ∂F∂v∂v y¨ = 0. Substituting the
curve c˜ gives the equations. 
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We now can calculate easily the induced ODEs of the Finsler metrics
from Theorem 1 and see that they coincide with the ones induced by the
sprays from 2. In the following we explain how the Finsler metrics were
constructed.
3.1. Riemannian metrics. For a Riemannian metric the induced ODEs
(2) are of the form
(4) y¨ = K0(x, y) +K1(x, y)y˙ +K2(x, y)y˙2 +K3(x, y)y˙3,
so that only the two sprays (c±) can be projectively equivalent to the geo-
desic spray of a Riemannian metric.
Lemma ([5]). The induced ODEs (2) of a pseudo Riemannian metric g =
(gij) are given by (4), if and only if the coefficients of the matrix a =
(det g)−2/3g satisfy the linear PDE system
(5)
∂xa11 − 23K1a11 + 2K0a12 = 0
∂ya11 + 2∂xa12 − 43K2a11 + 23K1a12 + 2K0a22 = 0
2∂ya12 + ∂xa22 − 2K3a11 − 23K2a12 + 43K1a22 = 0
∂ya22 − 2K3a12 + 23K2a22 = 0

 .
Note that one can reconstruct g from a by g = 1
(det a)2
a. Using the
above Lemma, one can describe explicitly the 4-dimensional space of psuedo-
Riemannian metrics whose geodesic spray is projectively related to the spray
(c±), in particular one finds the two locally Riemannian metrics
(c+)
√
e3x
(2ex − 1)2 dx
2 +
ex
2ex − 1dy
2 (c−)
√
e3xdx2 + exdy2
whose geodesic spray is projectively equivalent to (c+) and (c−) respectively.
3.2. Randers metrics. Recall that a Randers metric F = α + β is given
as the sum of a Riemannian norm and a 1-form, i.e. F (x, ξ) :=
√
αx(ξ, ξ) +
βx(ξ), where α is a Riemannian metric and β a 1-form.
We now explain how to construct Finsler metrics whose geodesic spray
is projectively equivalent to the remaining (a) and (b±k ). Starting with a
Riemannian metric α of constant sectional curvature and hence with 3-
dimensional Killing algebra iso(α), we construct a Randers metric F whose
geodesics are curves of constant geodesic curvature k with respect to α.
Their geodesic spray will be projectively equivalent to (a) (for the Euclidean
metric and k = 1), to (b+k ) for the standard metric on the two-sphere (in
stereographic coordinates) and to (b−k ) for the metric of the hyperbolic plane
(in the Poincare disk model).
Let α = αijdx
idxj be a Riemannian metric on the plane and choose a
multiple of the volume form Ωx = −k
√
detαx dx
1 ∧ dx2 with k > 0. Since
we may work on a simply connected neighborhood, we can choose a 1-form
β = βjdx
j , whose exterior derivative is Ω.
Lemma 7. The projective algebra of the Randers metric F (x, ξ) :=
√
αx(ξ, ξ)+
βx(ξ) contains the Killing algebra of α. Its geodesics are exactly the posi-
tively oriented curves of constant geodesic curvature k with respect to α.
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Proof. Both α and Ω induce a natural bundle isomorphism φα, φΩ : TR
2 →
T ∗R2, which in coordinates are given by (x, ξ) 7→ (x, αξ) and (x, ξ) 7→
(x,Ωξ), where α = (αij) and Ω = (Ωij) are the Gramian matrices wrt.
the fixed coordinates. The map J := φ−1α ◦ φΩ is given by ξ 7→ g−1Ωξ
and is a bundle autmorphism TR2 → TR2 with J2 = −k2Id. Indeed, it is
Ωα−1Ω = −k2 det(α) det(α−1)(α−1)−1 = −k2α.
Consider the Euler-Lagrange equations for L(x, ξ) = 12αx(ξ, ξ)+βx(ξ). We
first calculate Ei(β, c) =
∂βj
∂xi
c˙j − ∂βi
∂xj
c˙j = (Ωc˙)i. Contracting the equations
Ej(L, c) = 0 with α
ij and using the Levi-Civita connection ∇ of α, gives
αijEj(L) = α
ijEi(
1
2α, c) + α
ijEi(β, c) = −(∇c˙c˙)i + αijΩjkc˙k,
so that the system Ei(L, c) = 0 is equivalent to
(6) ∇c˙c˙ = α−1Ωc˙ = Jc˙.
This equation is sometimes referred to as the equation formagnetic geodesics
for the Lorentz force J : TR2 → TR2. Note that the solutions c of equa-
tion (6) have constant α-velocity, since 12
d
dtα(c˙, c˙) = α(c˙,∇c˙c˙) = α(c˙, J c˙) =
Ω(c˙, c˙) = 0. Furthermore the equation is preserved under α-isometries and
the flow of any Killing vector field takes each α-unit speed solution to a
α-unit speed solution.
Now consider the Euler-Langrange equation of the Randers metric F (x, ξ) =√
αx(ξ, ξ) + βx(ξ). We claim that its geodesics reparametrized g-unit speed
solutions of equation (6). Indeed, if c has this properties, then
Ei(α
2, c) = 2α(∂xiα)−
d
dt
(
2α(∂ξiα)
)
= 2Ei(α, c)
and hence
Ei(F, c) = Ei(α, c) + Ei(β, c) = Ei(
1
2
α2, c) + Ei(β, c) = Ei(L, c) = 0.
Since the family of solutions to Ei(F, c) = 0 are exactly all orientation
preserving reparametrizations of the solutions of Ei(
1
2F
2, c) = 0, we see
that the geodesics of F are exactly the α-unit speed solutions to equation (6)
reparametrized to F -arc length. In particular every isometry of α preserves
the geodesics of F as oriented point sets and we have iso(α) ⊆ p(F ).
The geodesics have constant geodesic curvature κα = k, since for their
α-unit speed parametrization c we have
κα(c)
2 = α(∇c˙c˙,∇c˙c˙) = α(Jc˙, Jc˙) = −c˙tΩα−1Ωc˙ = k2 · α(c˙, c˙) = k2.

To produce Randers metrics with three dimensional projective algebra,
we may choose g as a metric of constant curvature, since each of them admit
three independent Killing vector fields. For the Euclidean metric dx2 + dy2
and volume form −dx ∧ dy, we might choose β = 12 (ydx − xdy). For the
sphere/hyperbolic metric dx
2+dy2
(1±(x2+y2))2 and volume form
−k
(1±(x2+y2))2 dx ∧ dy,
we might choose β = k2
ydx−xdy
1±(x2+y2) .
The result are the Randers metrics (a) and (b±k ) from Theorem 1. By
Lemma 7, we have iso(α) ⊆ p(F ). In fact we have iso(α) = p(F ): otherwise
dim p(F ) > 3 and F would be projectively equivalent to the Euclidean metric
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by Lemma 2 and in particular geodesically reversible, which is obviously not
the case.
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